We analyze and compare three (s,S) inventory systems with positive service time and retrial of customers. In all of these systems, arrivals of customers form a Poisson process and service times are exponentially distributed. When the inventory level depletes to s due to services, an order of replenishment is placed. The lead-time follows an exponential distribution. In model I, an arriving customer, finding the inventory dry or server busy, proceeds to an orbit with probability γ and is lost forever with probability (1 − γ). A retrial customer in the orbit, finding the inventory dry or server busy, returns to the orbit with probability δ and is lost forever with probability (1 − δ). In addition to the description in model I, we provide a buffer of varying (finite) capacity equal to the current inventory level for model II and another having capacity equal to the maximum inventory level S for model III. In models II and III, an arriving customer, finding the buffer full, proceeds to an orbit with probability γ and is lost forever with probability (1 − γ). A retrial customer in the orbit, finding the buffer full, returns to the orbit with probability δ and is lost forever with probability (1 − δ). In all these models, the interretrial times are exponentially distributed with linear rate. Using matrix-analytic method, we study these inventory models. Some measures of the system performance in the steady state are derived. A suitable cost function is defined for all three cases and analyzed using graphical illustrations.
A. Krishnamoorthy 
Analysis of model I
We consider an (s,S) inventory system with retrial of customers. Arrival of customers forms a Poisson process with rate λ. When the inventory level depletes to s due to demands, an order of replenishment is placed. The lead-time is exponentially distributed with rate β. An arriving customer who finds the inventory level zero proceeds to an orbit with probability γ and is lost forever with probability (1 − γ). A retrial customer who finds the inventory level zero returns to the orbit with probability δ and is lost forever with probability (1 − δ). The interretrial times follow an exponential distribution with linear rate iθ when there are i customers in the orbit.
Let I(t) be the inventory level and let N(t) be the number of customers in the orbit at time t. Let C(t) be the sever status which is equal to 0 if the server is idle and 1 if the sever is busy. Now, {X(t), t ≥ 0}, where X(t) = (N(t),C(t),I(t)), is a level-dependent quasi-birthdeath (LDQBD) process on the state space {(i,0, j), i ≥ 0, 0 ≤ j ≤ S} ∪ {(i,1, j), i ≥ 0,1 ≤ j ≤ S}. The infinitesimal generator Q of the process is a block tridiagonal matrix and it 4 Journal of Applied Mathematics and Stochastic Analysis has the following form: 
where the blocks A 0 , A 1,i (i ≥ 0),and A 2,i (i ≥ 1) are square matrices, each of order (2S+1); they are given by
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2.1. System stability. For the model under consideration, we define the following Lyapunov test function (see Falin [6] ):
3)
The mean drift y s for any s belonging to the level i ≥ 1 is given by Since (1 − δ) > 0, for any ε > 0, we can find N large enough so that y s < −ε for any s belonging to the level i ≥ N . Hence, by Tweedie's [14] result, the system under consideration is stable. [15] ). As outlined in Neuts [16] , Elsner's algorithm is used to determine the spectral radius η(N) of R(N). To minimize the effect of the approximation on the probabilities, N must be chosen such that |η(N ) − η(N + 1)| < ε, where ε is an arbitrarily small value.
2.3. System performance measures. We partition the (i + 1)th component of the steady state probability vector x = (x 0 ,x 1 ,x 2 ,...,x N−1 ,x N ,...) as
Then, (i) the expected inventory level, EI, in the system is given by
(ii) the expected number of customers, EO, in the orbit is given by 
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ix i e; (2.13) (viii) the successful retrial rate, SRR, is given by
(2.14)
Analysis of model II
Here, in addition to the description in model I, we assume that there is a buffer of varying (finite) capacity, equal to the current inventory level. Customers, finding the buffer full, are directed to an orbit. Let M(t) be the number of customers in the buffer at time t. Now, {X(t), t ≥ 0}, where
Then, the generator has the form (2.1), where the blocks A 0 ,A 1,i (i ≥ 0), and A 2,i (i ≥ 1) are square matrices of the same order (1/2)(S + 1)(S + 2) and they are given by 
(n = 0,1,2,...,s),
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Since (1 − δ) > 0, for any ε > 0, we can find N large enough so that y s < −ε for any s belonging to the level i ≥ N . Hence, by Tweedie's [14] result, the system under consideration is stable.
System performance measures.
For computing various measures of performance, we judiciously obtain a truncation level N. To find N, we adopt the procedure in Section 2.2. Here, again we partition the steady state probability vector x = (x 0 ,x 1 ,x 2 ,...,x N−1 , x N ,....) such that its (i + 1)th component is
The expected inventory level, EI, in the system is given by
(ii) The expected number of customers, EO, in the orbit is given by (iv) The expected reorder rate, EROR, is given by
The expected number of departures, EDS, after completing service is given by
(vi) The expected number of customers lost, EL 1 , before entering the orbit per unit time is given by
(vii) The expected number of customers lost, EL 2 , after retrials per unit time is given by
(viii) The overall rate of retrials, ORR, is given by
(ix) The successful rate of retrials, SRR, is given by
Analysis of model III
The distinguishing factor of this model from model II is that the capacity of the buffer is equal to S, the maximum inventory level, irrespective of the inventory held at any given instant of time. Here, {X(t), t ≥ 0}, where X(t) = (N(t),I(t),M(t)), is an LDQBD on the state space 
. . . . . .
where
(n = 0,1,2,...,S),
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(n = 1,2,...,S),
(n = 1,2,...,S). Since (1 − δ) > 0, for any ε > 0, we can find N large enough so that y s < −ε for any s belonging to the level i ≥ N . Hence, by Tweedie's [14] result, the system under consideration is stable.
System performance measures.
To find the truncation level N, we adopt the procedure as in Section 2. (ii) the expected number of customers, EO, in the orbit is given by (viii) the overall rate of retrials, ORR, is given by
ix i e; (4.13) (ix) the successful rate of retrials, SRR, is given by
(4.14)
Cost analysis and numerical results
We define different costs as K = fixed cost, c 1 = procurement cost/unit, c 2 = holding cost of inventory/unit /unit time, c 3 = holding cost of customers/unit /unit time, c 4 = cost due to loss of customers/unit /unit time, c 5 = cost due to service/unit /unit time, c 6 = revenue from service/unit/unit time. We introduce a cost function, defined as the expected total cost (ETC) of the system, which is given by In the following tables, we provide a comparison among the overall and successful rates of retrials for models I-III.
Interpretations of the numerical results in the tables.
As the arrival rate λ increases, the number of customers in the orbit becomes larger so that the overall and successful rates of retrials from the orbit will increase (see Table 5 .1). As the replenishment rate β or service rate μ increases, the arriving customers will get the inventory more rapidly, and thereby the number of customers in the orbit gets decreased. In that case, the overall and successful rates of retrials will decrease (see Tables 5.2 and 5. 3). With the increase in probability γ of primary arrivals joining the orbit or in return probability δ of retrial customers, the orbit size increases. Here, again overall and successful rates of retrials increase (see Tables 5.4 and 5.5). Table 5 .6 indicates that as the retrial rate θ of customers in the orbit increases, the overall and successful rates of retrials from the orbit will increase. Next, we provide graphical illustrations of the performance measures of the above described models.
Interpretations of the graphs.
The objective is to compare the three models and identify the one which is more profitable. For this, we compute the minimum value of the expected total cost per unit time by varying the parameters one at a time keeping others fixed. Since the objective function is known only implicitly, the analytical properties such as convexity of the analytic function cannot be studied in general. By fixing all the parameters except the arrival rate λ, it is clear from Figure 5 .1 that the cost function is convex A. Krishnamoorthy and K. P. Jose 15 (model with buffer size equal to the maximum inventory level S) can be considered as the best model for practical applications. As indicated in the introduction, Ushakumari [10] obtained analytical solution to inventory system with retrial of unsatisfied customers. However, she considered a system A. Krishnamoorthy with negligible service time. Thus, that problem turns out to be just two-dimentional. This is not the case with the problem discussed in this paper since the authors considered positive lead time. This fact prevents the problem from getting analytical solution. Thus, we are forced to take recourse to numerical study. 
